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Abstract

Standard regression discontinuity design (RDD) models rely on the continuity of expected potential
outcomes at the cutoff. The standard continuity assumption can be violated by strategic manip-
ulation of the running variable, which is realistic when the cutoff is widely known and when the
treatment of interest is a social program or government benefit. In this work, we identify the treat-
ment effect despite such a violation, by leveraging a placebo treatment and a placebo outcome. We
introduce a local instrumental variable estimator. Our estimator decomposes into two terms: the
standard RDD estimator of the target outcome’s discontinuity, and a new adjustment term based
on the placebo outcome’s discontinuity. We show that our estimator is consistent, and we justify a
robust bias-corrected inference procedure. Our method expands the applicability of RDD to settings

with strategic behavior around the cutoff, which commonly arise in social science.

1 Introduction

Regression discontinuity design (RDD) strategies are widely used to estimate the effect of a treatment
on an outcome of interest, when the probability of treatment assignment exhibits a discontinuous jump
at a known threshold (Thistlethwaite and Campbell, 1960). Applications of RDD are broad and include
studies in electoral politics (Hall, 2015; Spenkuch and Toniatti, 2018), education (Cook and Kang, 2016;
Goodman et al., 2019), housing markets (Kumar, 2018), and market design (Abdulkadiroglu et al., 2017;
Kong, 2021), among others.

The main identifying assumption in standard RDD is the continuity of expected potential outcomes
at the cutoff (Hahn et al., 2001). This assumption ensures that, in the absence of treatment, units
just above and below the cutoff are comparable. As discussed in Remark 1, this condition is closely
related to the requirement that the conditional distribution of unobserved confounding given the running
variable is continuous at the cutoff (Lee and Lemieux, 2010). To empirically assess the plausibility

of this assumption, researchers often conduct falsification tests using placebo variables.!

For example,
Imbens and Lemieux (2008) and Cattaneo et al. (2024) recommend checking for discontinuities in placebo
outcomes at the cutoff as a diagnostic for invalid RDD. However, when these falsification tests indicate
a failure of the RDD continuity assumption, current methods offer no path forward for recovering the
treatment effect.

In this paper, we propose a new identification strategy that leverages a placebo treatment and a

placebo outcome to recover the treatment effect even when the continuity of expected potential outcomes

IThe literature also considers predetermined covariates, of which the placebo treatment may be viewed as a special
case.



may fail. We introduce a local linear instrumental variable estimator that calculates the treatment effect
as the difference between the right-limit of the observed outcome and an adjusted left-limit that accounts
for unobserved confounding via placebo variables. The estimator decomposes into a standard RDD
estimate for the target outcome, fryd @

in the placebo outcome and y_ is an appropriate weight.

plus an adjustment term (7 d)T)?_, where 7 | is the discontinuity

Conceptually, we build on the insights and techniques of the placebo variable literature (also called
the negative control literature) (Miao et al., 2018; Deaner, 2018; Tchetgen Tchetgen et al., 2024), to
answer a salient question about RDD, which is an extremely popular method in social science. To the
best of our knowledge, our identification result appears to be novel and motivates a new estimation
problem. For this new estimation problem, we propose and analyze what appears to be a novel variation
of the widely used local linear RDD estimator (Fan and Gijbels, 1992), and we derive bias-corrected
inference (Calonico et al., 2014, 2019). Future work may develop bias-aware inference (Armstrong and
Kolesar, 2018; Imbens and Wager, 2019; Noack and Rothe, 2024).

The rest of the paper proceeds as follows. Section 2 illustrates the main idea with a real world
application. Section 3 presents our main identification assumptions and result. Section 4 derives our
estimator. Section 5 proves consistency and normality with bias-corrected inference. Section 6 concludes.

The main text focuses on the core insights, while formal proofs are deferred to the appendix.

2 Example: Maimonides rule

To motivate our approach, consider an example adapted from Angrist et al. (2019). Suppose we are
interested in estimating the effect of transitioning from a large class (39-40 pupils) to a small class (20-
21 pupils), denoted by the binary treatment A. The outcome of interest is student achievement Y. A
Maimonides-style rule determines class size: schools must split classes when total enrollment in a grade
level D exceeds a statutory threshold d* = 40. For instance, a school with D = 42 students in a grade
level receives funding for two classes of 21 students (A = 1), while a school with exactly D = 40 students
in a grade level keeps one class of 40 students (A = 0).

To apply a conventional RDD estimator in this setting, one must assume that the expected potential
outcomes E{Y(l,d, U,ny) | D= d} and E{Y(O, d,U,ny) | D= d} are continuous at the cutoff d*. Here,
Y(A,D,U,n,) denotes the test score of a student in a class size of 20-21 students (A = 1) or 39-40 students
(A =0), given the total enrollment in the grade level (D). We model unobserved heterogeneity through
two components—school administrator sophistication U, which may influence total enrollment near the
cutoff, and student-level heterogeneity n,, which is random. The left panel of Figure 1 depicts a valid

RDD scenario under this assumption.

Remark 1 (Continuity and unobserved confounding). As noted by Lee and Lemieux (2010), the standard
RDD assumption, i.e. continuity of the expected potential outcomes at the cutoff, is implied by the
following two conditions: for all (u,ny), (i) the conditional distribution d +— P(d | u,ny) is continuous at
d* ; and (ii) the potential outcome function d — Y(1,d, u,n,) is bounded and continuous at d*.

To see this, note that continuity of P(d | u,ny) implies continuity of P(u,ny | d) by Bayes’ rule. Then,

applying the dominated convergence theorem, we can exchange the limit and expectation, so that
hﬁ)lE{Y(l,d* +e,Uny) | D=d +¢€} = 11?01/ Y(1,d* +€,u,ny) dP(u,ny | d* +¢)
€ €

=/Y(1,d*,U,ny) dP(u,ny | d*) =E{Y(1,d*,U,ny) | D =d*}.



The same argument applies from the left.

However, this assumption may fail if school administrators behave strategically. For instance, more
sophisticated school leaders may recognize the budgetary and pedagogical advantages of exceeding the
class size threshold, perhaps by enrolling just above the cutoff. These administrators may also tend
to run more effective schools with higher-achieving students, thereby inducing a spurious upward jump
in test scores around d* that is not due to class size per se (Angrist et al., 2019). In such a case,
the unobserved aptitude of school leaders (U) confounds the relationship between enrollment (D) and
student achievement (Y) near the cutoff. As a result, schools just above d* may perform better because
they are led by more capable administrators, invalidating the continuity assumption that would allow
researchers to evaluate the effect of class size. This confounded scenario is depicted in the right panel of

Figure 1.

Figure 1: Valid and invalid regression discontinuity design
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Notes: Figure 1 illustrates the standard continuity assumption on the expected potential outcomes for a valid RDD
(on the left) and an invalid RDD (on the right). The Y-axis gives the expected test score E{Y(a,d,U,ny) | D = d}
for a student in a class of 20-21 students (A = 1) or 39-40 students (A = 0) given D = d enrolled students in the
school. The x-axis gives the number of students enrolled in the school. The dotted regions of the line indicate

the unobserved, counterfactual expected outcomes.

Our identification strategy recovers the treatment effect in such confounded settings by positing that
continuity holds after further conditioning on the unobserved school-level aptitude U. As shown in
Figure 2, we require that, conditional on both D = d and U = u, the expected potential outcomes become
continuous at the cutoff. We then exploit the statistical relationship between test scores in the prior year
W, which serve as placebo outcomes, and the availability of transfer-eligible students based on birthdates
Z, which act as placebo treatments, to approproately adjust for the unobserved confounder U.

Intuitively, test scores in a previous year are unaffected by enrollment (D) in the current year, making
it a valid placebo outcome (W). In this sense, previous test scores (W) serve as a proxy for the school
administrator aptitude (U).

Meanwhile, the availability of students able to transfer across grades should only affect student test

scores (Y) through its influence on total enrollment in the grade (D), making it a valid placebo treatment



(Z). The availability of transfer students is like a local instrument, or a special type of pre-determined

covariate, that can help to distill the variation due to school administrator aptitude.

Figure 2: Valid placebo discontinuity design
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Notes: Figure 1 illustrates the relaxed expected potential outcomes assumption we place on the outcome. The

Y-axis gives the test score ]E{Y(a,d, u,ny) | D=d,U= u} for a student in a class of 20-21 students (A = 1) or

39-40 students (A = 0) enrolled in a school with D = d pupils and administrator aptitude level U = u. The x-axis

gives the number of students enrolled in the school. The dotted regions of the line indicate the unobserved,

counterfactual outcome.

3 Identification: Placebo discontinuity

In this section, we formalize the model, interpret the key assumptions, and present our main identification

result: how to recover the treatment effect in an RDD setting with strategic behavior around the cutoff.

Standard practice uses placebo variables to detect this issue; as our first contribution, we use placebo

variables to correct this issue.

3.1 Notation

Consider the nonseparable model

Y =Y(A,D,U,n),

where A is the treatment, D is the running variable, U is unobserved confounding, and 7, is unobserved

heterogeneity. Notice that we decompose the unobservable into the component U for which we will have

a model, and the component 5, which will be exogeneous conditional on U.

We will study the usual causal parameter in RDD,

79 =E{Y(1,D,U,ny) -Y(0,D,U,ny) | D =d*},

which reflects the average causal effect of moving from untreated to treated at the cutoff d*, conditional

on the running variable.



In contrast with standard approaches, we allow for discontinuities in the conditional distribution of
unobservables f(u,n, | d) at d*, acknowledging that strategic behavior or sorting can lead to non-smooth
densities near the cutoff. However, we require the density to remain strictly positive in a neighborhood
of d* to maintain identifiability.

We employ placebo variables (Z, W) to handle unobserved confounding. The full structural system

is written as,
Y=Y(A,D,Z,U,n,), W=W(A,D,Z,U,n,), A=A(D,ZU,nq.).

We summarize the invariances of the structural system in the next section. A graphical summary of the

causal structure is previewed in Figure 3.

Figure 3: Placebo discontinuity design DAG

3.2 Assumptions

The following assumptions identify 79 even when the expected potential outcomes d +— E{Y(O, D,U,ny) | D=d }
and d — E{Y(l,D, U,ny) | D= d} are discontinuous at the cutoff d = d*.

Throughout, we place assumptions in some neighborhood of the threshold d* defined as,
D_(e)=(d" —€,d"), Di(e)=(d",d" +¢€), D(e)=D_(e) UD,(e).
Assumption 1 (RDD). Assume that the following limits exist and are unequal.
lfiln&[E{A | D =d" —€}], lfiﬁ}[E{A | D =d" +€}]

The existence of this limit, for the expectation of the treatment assignment A given the running

variable D, is standard in the RDD identification literature (Hahn et al., 2001; Lee and Lemieux, 2010).

Definition 1 (Sharp design). Under a “sharp” design, we assume that there is no heterogeneity in treat-

ment assignment given the running variable (n, does not exist) and for all € € D(e),
E{A|D=d - =0, B{A|D=d +¢}=1.

A “fuzzy” design is one that is not sharp, i.e. one that does not satisfy the equalities above.

In a sharp design, A is fully determined by D, implying no heterogeneity in treatment assignment
(i.e., no n4). In this case, Assumption 1 is trivially satisfied.
We define Z(€) such that P(Z € Z(e) | D € D(¢)) = 1.



Assumption 2 (Placebo variables). Assume there exists some € > 0 such that for all d € D(e) and for

all z € Z(e),

a (Causal consistency): ifA=a, D =d, and Z =z thenY =Y(a,d, z,U, ny), and W =W(a,d,z,U,n,)
almost surely. If D =d and Z = z then A = A(d, z,U,n,) almost surely.

b (Placebo selection on unobservables): Z W 1y,nq | U,D and n,, 1L D, Z | U.
¢ (Overlap): if f(u) >0 then f(a,d,z | u) > 0, where we assume the densities exist.

d (Exclusion): Y(a,d,z,U,ny) = Y(a,d,U,ny), W(a,d,z,U,nw) = W(U,nw), and A(d,z,U,n.) =
A(d,ng) almost surely.

In summary, we have the following simplification local to the cutoff:
Y=Y(A,D,U,ny), W=W(U,nw), A=AD,n.).

Causal consistency rules out network effects near the cut-off.

The main condition within placebo selection on observables is the implication that Z 1 ny,n,.|D,U:
conditional upon the running variable and unobserved confounder, the placebo treatment is as good as
random for the target outcome and placebo outcome.? In the sharp design, Z 1L 5,|D, U automatically
holds; in the fuzzy design, it imposes that the placebo treatment is conditionally independent of the
idiosyncratic aspect of treatment assignment. As shown in Appendix B, Z 1L ny,74,7w|D, U together
with an additional continuity condition suffice for our argument to work. In the main text, to simplify the
exposition, we strengthen n,, 1L Z | D,U to n,, 1L D, Z | U and thereby avoid the additional continuity.

Overlap ensures there is no stratum of unobserved confounding for which the treatment, running
variable, or placebo treatment are deterministic. In the language of the RDD literature, we rule out
complete control but allow imprecise control (Lee and Lemieux, 2010).

Exclusion encodes the idea that the placebo treatment does not directly cause the outcome of interest;
instead, it affects the outcome via the running variable. Exclusion also encodes the idea that the placebo
outcome is not caused by the treatment, running variable, or placebo treatment. Finally, exclusion
imposes that the treatment is pinned down by only the running variable (and possibly idiosyncratic
noise in the fuzzy setting).

In the running example, suppose class size A is determined by grade enrollment size D, and we
study its effect on student achievement Y in year t. School administrator aptitude U is unobserved, and
strategic behavior around the cutoff can cause a jump in f(d | u,ny) (and hence f(u,ny | d)), since
strategic administrators who are aware of the class-enrollment cutoff d* may manipulate enrollment so
that they exceed the threshold d* to open an additional class. Let Z be the availability of students
to transfer between grade levels (affecting D but not Y directly), and W be achievement in year ¢t — 1
(unaffected by D or Z). Overlap implies school officials cannot perfectly control enrollment levels D.

However, there is a jump in d — f(d | u,7n,) that we wish to allow for and to deal with.
Assumption 3 (Conditional independence). There exists some € > 0 such that for all d € D(e€)
afgdny|D=dorn,n,|D=dU;

bn, LU|D=d.

2By weak union, n,, 1L D, Z | U implies 1,, 1. Z | D, U.



Assumption 3 is vacuously satisfied by the sharp design.

In the fuzzy design, it is analogous to Hahn et al. (2001, Condition C3): it implies that conditional
on D, the randomness in the treatment assignment mechanism is unrelated to the idiosyncratic aspect
of potential outcomes and the unobserved confounding. In other words, given an enrollment level D,
whether a school has one or two classes does not depend on the heterogeneity in students’ test scores or
the administrator’s underlying ability. This assumption in the fuzzy design may be relaxed by imposing
homogeneity of effects; see Appendix C.

Assumptions 2 and 3 can be summarized by the results below:
Lemma 1 (Necessary independences). Assumption 2 implies that for all d € D(e) and z € Z(€),
aYWLZ|DU
bWUDZ|U
Additionally under Assumption 3b it follows that,
cALU|D

Assumption 4 (Continuity). For alld € D(€), assume that the mappings d — E{Y(l, D,U,ny) | D=d,U-= u}
and d — E{Y(O,D, Uny) | D=d,U= u} are continuous for all u.

Assumption 4 weakens the standard continuity assumption of the RDD literature: continuity of
potential outcomes conditional upon the running variable D = d near the cutoff d*. Instead, it requires
continuity of potential outcomes conditional upon both D = d and U = u.

While the density of student enrollment may jump at d*, we anticipate that potential student achieve-

ment is continuous when fixing the administrator’s aptitude U = u.

Lemma 2 (Limit). Under a fuzzy design and Assumptions 1, 2, 3, and 4,

E{lime o[E{Y | D =d* +€, U} -E{Y | D=d" - €,U}] | D = d*}
a limeo[E{A | D =d*+€} —E{A | D = d* - €}] '

70
In a sharp design, and under Assumptions 1, 2, and j:
To =E{li{r01[]E{Y |D=d"+¢e,U}-E{Y | D=d"-¢€U}]|| D =d*}.
€

Lemma 2 solves for the treatment effect 7y in an interpretable way: for each value of the unobserved
confounded U = u, conduct RDD conditional upon U = u, then average over U. In our running example,
this is equivalent to averaging the treatment effect of a class size (A) on test scores in year-t (Y) for
schools with enrollment levels at d* over different administrator-ability levels U.

Clearly, this calculation is infeasible, since U is unobserved. We need additional assumptions to

identify 7 in terms of observed variables.

3.3 Main identification result

Section 3.2 established that the causal estimand 19 can be written in terms of conditional expectations
over unobserved confounding (U). The key challenge now is to express g in terms of observable variables.
To do this, we adapt the “confounding bridge” approach (Tchetgen Tchetgen et al., 2024), which uses

auxiliary variables to solve an integral equation that recovers the influence of U on Y.



Assumption 5 (Confounding bridge). For all d € D, (€), there exists a bounded solution to the following

operator equation almost surely,

E{Y|D=d,U}= / hi(d-=d*,w) dP(w | D =d,U).
Similarly, for all d € D_(€) we have,

E{Y | D =d,U} =/h_(d—d*,w) dP(w | D =4d,U).

The confounding bridge assumption states that, for fixed values of the running variable (D) and
unobserved confounder (U), the conditional expectation of the outcome (Y) can be expressed as a function
of a proxy variable (W) that is associated with (U). The functions i, and h_ act as weighting kernels
that summarize how W captures the influence of U on Y on either side of the threshold.

In the running example, for schools with the same number of enrolled students (D = d), there exists
a function hy(d — d*,-) such that we can recover expected student achievement using a reweighting of
the distribution of test scores in year t — 1 (W). The function &, does not depend on U directly, but its
integral with respect to the distribution of W conditional on U reconstructs the confounded conditional
expectation of Y. This formulation allows us to bypass the unobserved U by using an observed variable
W that is a proxy for U.

First we show that hg is a solution to an integral equation in terms of observed variables, though it

may not be unique.
Lemma 3 (Factuals I). Lemma 1 and Assumption 5 imply that any ho that exists also solves, for all
d e D(e) and all z € Z(e),

E{Y|D=d,Z=z}=/ho(d—d*,w) dP(w|D=d,Z=7)

Lemma 3 translates the bridge equation from a conditional expectation over U to one over observed
variables Z and W. It shows that the same hg function also solves a second integral equation where both

sides of the equation are estimable from the data.

Assumption 6 (Completeness). For all d € D(e) and all z € Z(e), B{f(U) | D =d,Z =1z} =0 if and
only if f(U) =0 almost surely.

Assumption 6 is necessary to guarantee a unique solution to the equation in Lemma 3 (factuals).
Without this assumption, there could be multiple functions 4 that satisfy the same moment condition,
making point identification of 79 more challenging.

Future work may build on Bennett et al. (2022) to give weaker conditions under which 7y can still be

identified without assuming completeness.

Lemma 4 (Factuals II). Lemma 1 and Assumption 6 imply that if there exists a function hg that, for
all d € D(e) and all 7 € Z(€) satisfies,

]E{Y|D=d,Z=z}=/h0(d—d*,w) dP(w | D =d,Z = z),

then Assumption 5 holds.

Lemma 4 completes the identification argument by showing that the existence of a function hg that



solves the observed-data version of the bridge equation implies the existence of a confounding bridge in

the structural model. This allows us to write 19 in terms of functions of observed variables.

Theorem 1 (Placebo identification). Suppose Assumptions 1, 2, 3, /, and 5 hold. Then

_limeyg [ hi(e,w) dP(w | D = d*) = limeyo [ h-(—€,w) dP(w | D = d°)
- limeo[E{A | D =d*+€} —E{A | D = d* - €}]

70

If in addition Assumption 6 holds then the integrals of hg in the numerator are identified. Therefore 1
is identified.
In sharp design, under Assumptions 1, 2, 4, and 5, then this simplifies to:

T0 = lim/ hi(e,w) dP(w | D =d*) — lim/ h_(—€,w) dP(w | D =d")
€l0 €l0

Theorem 1 provides a complete identification strategy—it shows how the discontinuity in potential
outcomes conditional on unobserved U can be corrected using an observable proxy (W) and an auxiliary
variable (Z). The functions h; and h_ effectively “invert” the confounding effect of U using the relation-
ship between U and W. This inversion is unique when completeness holds and yields a point-identified
causal estimand.

In the running example, we estimate the effect of class size on test scores in year-t by using test
scores in year t — 1 (W) as a proxy for unobserved administrator ability (U), and availability of students
to distort enrollment counts (Z) as a local instrument. If the bridge functions A, and h_ can be identified

from observed data, then we can reconstruct the counterfactual outcomes at the cutoff and identify 7g.

4 Estimation: Local instrumental variable regression

Theorem 1 identifies the RDD treatment effect by reweighting two confounding bridges h_(d,w) and
hi(d,w). Recent literature to approximate these integral equations rely on kernel methods to non-
parametrically estimate these confounding bridges. However, Fan and Gijbels (1992) show that the
order of bias of these kernel estimators on boundary points (d*) is high, and advocate the use of local
linear regressions to estimate points on the boundary with less bias.

As our second contribution, we propose a local linear instrumental variable estimator, extending
Fan and Gijbels (1992) to accommodate instruments. For tractability, we introduce a partially linear
approximation to the confounding bridge in Assumption 5. The final estimator decomposes into two
intepretable terms; it adjusts the discontinuity in the target outcome by the discontinuity in the placebo
outcome.

For clarity, we focus on the sharp design, i.e. the numerator in Theorem 1. The fuzzy design is a
straightforward extension, since the denominator in Theorem 1 is a standard RDD estimand.

For simplicity, we also focus on the exactly identified case where dim(z) = dim(w). Our results

naturally extend to the overidentified case dim(z) > dim(w) by standard techniques.

4.1 Locally approximating the confounding bridge

In line with the identification strategy presented in Section 3, we estimate the treatment effect 7y using a
two-step procedure. First, we solve for the confounding bridges i (+,-) and h_(-,-) at the cutoff d* using
the moment condition from Lemma 3. Then, invoking Theorem 1, we compute the difference in their
limits, 7o = lime o[ [ hi(e,w) dP(w | D = d*) = [ h_(—€,w) dP(w | D = d*)].



To motivate our estimator, consider the class of partially linear functions,
ho(d —d*,w) =g,(d —d*) +w 'y, ho(d—d*"w)=g_(d-d*)+w'y_, (1)

where g.: D,;(e) » R and g_: D_(€) — R are any continuous functions, and vy, plays the role of the
best linear projection of A, (-,-) onto W at D = d*. Proposition 2 below gives a detailed characterization.

Within this class, the moment condition in Lemma 3 becomes,
E{Y -g.(D-d")-W'y, | D=d.Z=2}=0. (2)

This expression closely resembles a partially linear instrumental variable moment condition, where
W plays the role of the endogenous regressor and Z serves as the instrument. Therefore, we propose a

local instrumental variable regression approach to estimate the best approximation to 4. (-,-) near d*.

4.2 Algorithm

To define our estimator, we introduce some notation. Let H; = Diag(1, i) be a transformation matrix
of the kernel bandwidth. Let @y = (@40, @41)" = (g+(0), gﬁr(O))T concatenate the nonlinear component
of h; and its derivative at the cutoff. Finally, we concatenate all of the parameters to be estimated as
vi = (0,041, 77).

We propose what appears to be a new local linear objective function, which we call local instrumental
variable regression. Its first order condition, which yields the estimator v,, is

n
1
o
=1

Ri1 . .
" (¥ - R s - W) =0,

13

where w; 4 = i]].(Di > d*)K(lDih—_nd*l) are local kernel weights, R; 1 = (1, D"h’nd* )T is a transformed vector
of the running variable, and Z; € R4™™) is a vector of placebo treatments. This empirical moment is
clearly a sample analogue of the population moment implied by equation (2). The left limit objects are
analogous.

We then use the coefficients estimated by local instrumental variable regression to construct our esti-
mator of the treatment effect. The appropriate formula is immediate from Theorem 1 and equation (1).

Formally, the approximate treatment effect and its estimator are

Tpdd = g+(0) + 11%E{WT | D =d*+e}y,— [g-(0) + hlﬁf]l]E{WT |D=d" - e}y

= a0+ (BY0) ys — {0+ (B )Ty} (3)

fpdd = CAY+,O + (,BA:.V,())Tf@ - {CAY_,O + (,BAZV,())T')A’—}’

where ,3:"0 estimates the right-limit 8}’ = lim¢ o E{W; | D = d" + €} using the local linear estimator of
Hahn et al. (2001):
n
Hlﬂf" = arg min Z wi+(W; ;- RZl,B)Q.
B =

. . A T ,
Then, we let 8, = (ﬂfb, . ,ﬂf‘gm(w)) € RI™W) concatenate the first components of these estimated
coeflicients. The left limit objects are analogous.

Section 5 below shows that this estimator is consistent for 1,qq. After bias correction, which we defer

10



to Section 5, it is also asymptotically normal at the familiar rate of n=2/5.

4.3 Equivalence: RDD with a new adjustment term

For any finite sample size, our proposed estimator is numerically equivalent to a highly interpretable
procedure: take the standard RDD estimator based on discontinuity in the outcome (Y), and add an

adjustment term based on the discontinuity in the placebo outcome (W).

Proposition 1 (Estimator equivalence). Our proposed estimator in equation (3) is numerically equiva-

lent to
A _ 2y AW \T A
Tpdd = Togg + (Taa) V-

Y =B, - R and B = (B+Wo —,év_vo) € RIMO) gre constructed from the familiar RDD

local linear objective functions, namely

where 77

. 1 & 2 . 1 & 2
H\By = argﬁmln - Z Wi + (Yi - R,-T,lﬁ) , HiB)Y = argﬁmln - Z Wi+ (Wi,j - RiT,lﬂ) ,
i=1 i=1

and analogous objectives below the cutoff. Moreover, y_ is the local instrumental variable regression of

the residualized Y+ on the residualized W+, instrumenting with Z, below cutoff:

n -1 n
%Zwi,—{zz‘(Wﬁ)T}l {%Zwi,—(ZiYil)}-
=1 =1

Here, (Y;*) are the residuals from a local linear regression of (Y;) onto (D;), and (W;") are the residuals

')/}_:

from a local linear regression of (W;) onto (D;). In other words, we residualize the target outcome and

the placebo outcome using the running variable.

The RDD literature, summarized recently by e.g. Cattaneo et al. (2024), advocates for testing
whether 7, is close to zero as a diagnostic for whether f(d | u,ny) (or, relatedly, f(u,7y | d)) changes
discontinuously at d*. Our contribution is to show that this discontinuity is an essential ingredient for
an adjustment term. If 7, is indeed negligible, our adjustment term is zero and our estimator 7,dd
simplifies to the standard RDD estimate ‘f'ryd q

Within our adjustment term, the placebo outcome discontinuity (7 ,) is multiplied by weights (y-).

These weights are increasing in the correlation between the residualized outcome (Y*) and the placebo
treatment (Z). Intuitively, if this correlation is stronger, then there is more unobserved confounding on
the target outcome, and hence we increase the weights.

The weights are decreasing in the correlation between the residualized placebo outcome (W+) and
the placebo treatment (Z). Intuitively, if this correlation is weaker, then the placebo outcome is a
weaker proxy for the unobserved confounding, and hence we compensate by increasing the weights on
its estimated discontinuity.

Proposition 1 clarifies the danger of a very weak proxy, which would lead to numerical instability in
this final aspect of the weights. Future work may study the behavior of our estimator when using a weak
proxy.

Remark 2 (Only left-adjustment). The decomposition in Proposition 1 only estimates y_, and not y,,
because our treatment effect of interest is the effect at the cutoff. As such, it is the effect on the treated,

so only the untreated potential outcome needs adjustment.
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In more detail, our estimator is anchored on the distribution of U just above the cutoff. It preserves
the right-limit E[Y | D = d* + €]. However, it adjusts the left-limit using y_. The adjusted term allows
us to estimate the counterfactual below the cutoff E[E[Y | D = d* — ¢, U] | D = d*], in the thought
experiment where U matches the distribution it would have followed above the cutoff.

An alternative causal parameter is 7o = E[Y(1,d*,U,n,) - Y(0,d*,U,n,)], for which our estimator
would have two adjustment terms: T,qq = ‘?rydd + (E{W} —BAKO)T)A - (E{W} - ,BAV_”’O)T y_.

5 Bias corrected inference

As our third contribution, we study the large sample properties of the estimator in Proposition 1. We

-2/5

prove it is consistent. Then, we prove that it is asymptotically normal at the familiar rate n after

bias correction.

5.1 Consistency

While prior work used placebo outcomes and predetermined covariates to detect assumption violations,
we propose a method to directly correct for them and thereby recover 7. Below we state sufficient
conditions for consistency.

Let pyy(d-d*) =B{Y |D=d} for d > d* and u_ ,(d —d*) = E{Y | D =d} for d < d*. Similarly,
define gy w, (d —d*), p- w,(d —d*), ps o (d—d*), and p_ ,(d — d”)..

Let o-f’y(d —d*)=Var(Y | D =d) for d > d* and O'E’y(d —d*)=Var(Y | D =d) for d < d*. Similarly,
define 0'+2,w_’,(d —d*) and O'E’wj (d -d*).

Assumption 7 (Regularity conditions). Let the following conditions hold.

a (Continuous mean) For all d € D, (€) and j € {1,...,dim(w)}, s y(-) and py (1) are S-times con-
tinuously differentiable and bounded. Additionally, u. - (-), IE‘,{ZiWiT | D = d}, and B{Z;Y; | D = d}
are continuous and bounded.

For alld € D_(¢€) and j € {1,...,dim(w)}, u- () and u- v, (-) are 3-times continuously differen-
tiable and bounded. Additionally, p- .. (-), E{Zin.T | D = d}, and B{Z;Y; | D = d} are continuously
differentiable and bounded.

b (Continuous variance) For all d € D,(€) and j € {1,...,dim(w)}, o-f’y(-) and O'f’wf(') are continu-
ous and bounded away from 0. For all d € D_(€), O'E,y(-) and O'E’WI_(-) are continuous and bounded

away from 0.

¢ (Bounded higher moments) For all d € D(e) and j € {1,...,dim(w)}, there exists some { > 0
and M € R such that we have E{’Yl — My y(d—d¥) 2 | D; = d}, E“Yi —H_y(d-d") e | D; = d},

B{[Wi.s = oy (d = a1 Dy = df, B{|Wj = ue g (d = )

|D,-=d}<M.

The regularity conditions in Assumption 7 are variations of standard assumptions in the RDD liter-

ature and are implied by those in Calonico et al. (2019).

Assumption 8 (Kernel conditions). Assume that the kernel function K: R* — R* is symmetric, con-

tinuous, and satisfies [Joo WK ()9 du < oo for g € [1,3].

Assumption 8 is satisfied by the window kernel K(u#) = 1(u < 1) and the triangle kernel K(u) =
(1 —u)1(u < 1), which are the most frequently used kernels in the RDD literature. It also allows for the
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Gaussian kernel K (u) = exp{—g } Under these conditions we can characterize the probability limit

1
V2ra
of our local instrumental variable estimator for any vanishing bandwidth 1 > h, > n~!.
Proposition 2 (Probability limit). Let Assumptions 7a and 8 hold, and assume that nh,, — o and

hy, — 0. Then, it follows that,
. P
Tpdd — Tde - (Ty‘:‘:jd)T’Y—

where y_ = lim¢ o COV(Z,-, Wl.T | D=d* - e)_lCov(Z,-, Y; | D; =d* — €) is a best local linear approrimation,

i.e. it solves the local projection problem

Y=c+W'y_+n, LimE{nZ; | D, =d* - €} =0, LmE{n|D;=d" — €} =0.
€l0 €l0

Building on Proposition 1 (estimator equivalence), which characterizes the finite sample estimate,
Proposition 2 characterizes the asymptotic limit of the local estimator. Now, at the population level,
we show that if the placebo outcome does not jump at the cutoff (‘r;(vi q= 0), then the local instrumental
variable estimand reduces to the traditional RDD estimand.

The population limit of the weights admits a similar interpretation as before. It also sheds light on
the nature of our approximation. In particular, Proposition 2 shows that y_ can be interpreted as a
linear projection of ¥ onto the distribution of W, instrumenting with Z, when D approaches the cutoff
from the left. In other words, y_ is the parameter which best approximates the confounding bridge in
Lemma 3 (factuals) as a partially linear function of the placebo outcome W.

If the confounding bridge h_(0,w) is very nonlinear in W then this approximation can be poor.
However, we advocate for this approach because full nonparametric estimation over (D;, W;) would
require us to uniformly estimate h_(0,w) as a function of w to characterize the asymptotic bias of the
local instrumental variable estimator. There would be dim(w) additional kernels and bandwidths in the
estimator. As discussed by Calonico et al. (2019), localizing weights for many variables would suffer from
a curse of dimensionality, and hence empirical applications would become challenging. Our estimator
does not suffer from this curse of dimensionality, and is therefore practical for empirical researchers.
Future work may attempt to overcome these challenges, perhaps by placing additional structure on the

effective dimension or sparsity of W (Singh, 2020; Noack et al., 2021).

Corollary 1 (Consistency). Let Assumptions 1, 2, 3, 4, 5, Ta, and 8 hold. Additionally, suppose that

equation (1) holds almost surely. Then, if nh, — co and h, — 0 it follows that Tpdd LN 70.

Corollary 1 shows that when the confounding bridge lies in the class of partially linear functions in

equation (1), then the local instrumental variable estimator is consistent for the treatment effect .

5.2 Bias correction and asymptotic normality

As shown in Proposition 1, our estimator can be decomposed into a sum of two components: (i) the

RDD estimate of the outcome discontinuity ‘Pry ad?

discontinuity, appropriately weighted as (74 ,)7y-. A key insight from Calonico et al. (2014) is that,

and (ii) the RDD estimate of the placebo outcome

when the bandwidth £, is selected to optimize mean squared error (MSE), these discontinuity estimators
suffer from non-negligible bias in their sampling distributions. This bias persists in large samples and
leads to invalid inference, particularly when constructing confidence intervals.

To address this issue, we extend the robust bias correction technique developed by Calonico et al.

(2014). In particular, we construct bias-corrected estimators that remain consistent and asymptotically
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normal, even when using MSE-optimal bandwidths. Specifically, we define the bias-corrected version of
the local instrumental variable estimator as,

~bc _ .y,bc _ [ w,bc o
Tpdd = Trdd (Trdd ) Y-

where fry(igc and ‘?'rvzl’dbc are bias-corrected estimators for the discontinuities of ¥ and W, respectively. In
particular, we explicitly estimate and subtract the first-order bias terms associated with the local linear

estimates f'ry The explicit forms of these bias corrections are provided in Appendix F.

W
ad and 7

rdd’

Theorem 2 (Limit distribution). Let Assumptions 7 and 8 hold. Additionally, assume that the band-
widths satisfy nh, — oo, nhZ — 0, and lim, o (h,/b,) < oo, where b, is the bandwidth of the bias

correction. Then, for Tpaq = Trydd - (‘r;;d)Ty_, it follows that,
V2 (e 4 N1
nhyVy "\ T4 — Tpdd) = N(0,1),

/

where \A/b;1 2 s given in Appendiz F.

Theorem 2 establishes the asymptotic normality of the bias-corrected local instrumental variable
estimator under the commonly used MSE-optimal bandwidth rate of h, < n~/° (Imbens and Lemieux
(2008)). The bias correction bandwidth may be of the same order, i.e. b, < h,,.

More generally, Theorem 2 tolerates any vanishing bandwidths in a wide range, i.e. any n=1/7 >
hp, > n~' and any b, 2 h,.

In practice, we recommend a data-driven bandwidth choice I along the lines of e.g. Imbens and
Kalyanaraman (2012); Calonico et al. (2018, 2020). Our analysis extends accordingly. This choice is
easily implemented with existing software for RDD.
~be

Theorem 2 justifies the use of standard Wald-type inference for 7

odd €8 the construction of confi-

dence intervals and hypothesis tests.

6 Discussion

This paper develops a new identification and estimation framework for regression discontinuity designs
when the standard continuity of potential outcomes assumption fails due to unobserved confounding. We
show that by leveraging a placebo treatment and a placebo outcome, it is possible to recover the causal
parameter even when the running variable’s distribution exhibits discontinuities at the threshold. Our
identification argument relies on conditional continuity given an unobserved confounder, and it employs
the concept of a confounding bridge to encode the relationship between the unobserved confounder and
its observed proxy. Under a completeness condition, we show that the integrated bridge function is
identified from observed data, and the treatment effect at the cutoff can be recovered using integrals of
observable variables.

To operationalize this strategy, we propose a local instrumental variable estimator that approximates
the confounding bridge using a partially linear specification. We demonstrate that the estimator decom-
poses into a standard RDD term and an adjustment term driven by the discontinuity in the placebo
outcome. This decomposition yields an interpretable adjustment that allows researchers to correct for
violations of the standard RDD assumptions, rather than discarding such designs altogether. We estab-

lish conditions for consistency and bias-corrected inference, allowing optimal bandwidths. Our results

14



extend the applicability of RDD methods to settings with strategic behavior, providing researchers with

a tractable and theoretically grounded approach for handling unobserved confounding near the cutoff.
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A Identification proof

A.1 Necessary independences

Proof of Lemma 1 (necessary independences).

We proceed in steps.

1. First, we show that A 1L Z | D,U. We write,
P{A=a|D=d,Z=z,U}=P{A(d,n,)=a |D=d,Z=2U}

=P{A(d,n,)=a| D =d,U},

where the first line follows from Assumption 2d (exclusion) and the second line follows from As-

sumption 2b (placebo selection on unobservables).

To show that Y 1L Z | D, U, first note that,

P{Y=y|D=dZ=z,U}=P{Y(A,d,U.,ny) =y |D=d,Z=2U}
=P{Y(A,d,U,ny) =y | D =d,U},

where the first line follows from Assumption 2d (exclusion) and the second line follows from As-
sumption 2b (placebo selection on unobservables) and the result we have already shown: (A 1L Z |
D,U).

2. To show the second claim (W 1 D,Z | U), we have that,

PW=w|D=d,Z=2,U}=P{WWU,ny,)=w|D=d,Z=zU}
:P{W(Ua nw) =w | U}’

where the first line follows from Assumption 2d (exclusion) and the second line follows from As-

sumption 2b (placebo selection on unobservables).

3. Similarly, we prove the last claim (A 1L U | D):

P{A|D=d,U=u}=P{A(d,n,) | D =d,U =u}
=P{A(d.nq) | D = d}.

where the first line follows from Assumption 2d (exclusion) and the second line follows from As-

sumption 3b (7 AL U | D).

A.2 Limit

Proof of Lemma 2 (limit).

Assume a fuzzy design. We proceed in steps.
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1. Notice that under Assumption 2 (placebo variables), we are able to write,

Y =Y(0,D,U,ny) + A(D,n4)(Y(1,D,U,ny) =Y (0,D,U,ny)).
2. Then, we have that,

B{Y | D=d" +¢e,U} —B{Y | D=d" —¢,U}
=E{Y(0,d* +€,U,ny) | D=d"+€ U} -E{Y(0,d" - €,U,ny) | D =d* - €,U}
+E{A(D,n4)(Y(1,D,U,ny) -Y(0,D,U,ny)) | D=d"+€,U}
—-E{A(D,n,)(Y(1,D,U,ny) -Y(0,D,U,ny)) | D =d* —€,U} (1)
=E{Y(0,d" +€,U,ny) | D=d"+€e U} -E{Y(0,d* - €,U,ny) | D =d* - €,U}
+E{A(D,n.) | D =d*+ €, UE{Y(1,D,U,n,) -Y(0,D,U,ny) | D =d* +€,U}
~E{A(D,n,) | D =d* - €, UYE{Y(1,D,U,n,) -Y(0,D,U,ny) | D=d* - €,U} (1)
=E{Y(0,d"+€,U,ny) | D=d"+€,U} -E{Y(0,d" - €,U,ny) | D =d" - €,U}
+EB{A(D,n4) | D =d* +€}E{Y(1,D,U,n,) -Y(0,D,U,ny) | D =d* +€,U}
—~E{A(D,n,) | D =d* - €}E{Y(1,D,U,n,) -Y(0,D,U,ny) | D =d* - €,U} (II1),
where (I) follows from the expansion in step 1. The factoring of A(D,n,) in (II) follows from
Assumption 3 (17, AL 1y, U | D = d) and weak union, whereby 5, AL 5, | D = d,U. Alternatively,

one may simply assume the condition n, 1L 7, | D = d,U. Dropping the conditioning on U in (III)
follows from Lemma lc (A 1L U | D).

3. By Assumptions 1 (RDD) and 4 (continuity), we can take the limit of the equality above to show,
E%[E{Y |D=d"+e,Uy—E{Y | D =d" —¢€U}]
= E%[E{Y(o, d*+eUmny) | D=d"+€eU} -E{Y(0,d" - €,U,ny) | D=d* - €,U}]
+ lfiﬁ)l[E{A(D, Na) | D =d* +€}] leifg[E{Y(l, D,U,ny) -Y(0,D,U,ny) | D =d* +€,U}|
- E%[E{A(D,nu) | D =d* - €}] E%[E{Y(LD, U,ny) -Y(0,D,U,ny) | D=d* - €U}
= E%[E{A(D,m) | D=d"+e} —E{A(D.na) | D =d" — €}]
xE{Y(1,D,U,ny) -Y(0,D,U,ny) | D =d*,U}.

Specifically, to go from the second line to the third line, the initial terms cancel, and the later
terms factorize.
Rearranging the above, we then find that,

lime o[E{Y | D = d" +€,U} —E{Y | D = d* — €, U}]
lime o[E{A [ D =d* +€} —E{A | D = d* - €}]

E{Y(1,D,U,ny) -Y(0,D,U,ny) | D =d*,U} =

4. This implies

E{Y(1,D,U,ny) -Y(0,D,U,ny) | D =d*} =E{E{Y(1,D,U,n,) -Y(0,D,U,ny) | D=d*,U} | D = d*}
E{limejo[E{Y | D=d"+€,U} -E{Y | D=d* - €,U}] | D = d*}
B lime o[E{A | D =d*+€} —E{A | D = d* - €}]
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where first equality follows from the law of iterated expectations and the second equality substitutes

in our result above.

The argument for the sharp design is the same, recognizing that Assumption 3 vacuously holds and

simplifying the denominator. O

A.3 Factuals

Lemma A.1 (Towards factuals). Lemma 1 implies for all d € D(e) and all z € Z(€),

B(y | d.2) = / B(y | d.u) dP(u | d. )
P(wld,z)Z/P(wld,u) dP(uId,Z)Z/P(wlu) dP(u | d, z)

Proof of Lemma A.1 (towards factuals).

To lighten notation, we abbreviate (D =d,Z = z) = (d, z) and similarly for other variables. Then, we
have that,

PO 12 = [Pl do) du= [ B0 | daw Bl d.2) = [20]dw ) d
P(w|d,z)=/P(w,u|d,z) du:/P(W|d,z,u) dP(u|d,z):/P(w|d,u) dP(u|d,z)=/P(w|u) dP(u | d, z),
where we use that Y 1L Z | U,D and W 1. D, Z | U from Lemma 1. O

Proof of Lemma 3 (factuals I).
We have that,

E{Y|d,z}=/yle‘(yld,Z)
:/yd]P(yId,u) P ld,z) (1)
:/E{Y|d,u} dP(u | d, 2)
:/ho(d—d*,w) dP(w | d,u) dP(u | d,z) (1D
:/ho(d—d*,w) dP(w|d,z) (I,

where (I) and (III) follow from Lemma A.1 (towards factuals), and (II) follows from Assumption 5

(confounding bridge). m]

Proof of Lemma 4 (factuals II).
Suppose a solution to E{Y | d,z} = fho(d —d*,w) dP(w | d, z) exists. Then by Lemma A.l (towards

factuals),
E(Y | d,2) = / ho(d — d*,w) dP(w | d. )

= / ho(d —d*,w) dP(w | d,u) dP(u | d, 7).
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Furthermore, using Lemma A.1 (towards factuals), we can also write that,

E{Y | d,z} =/y dP(y | d,z)
= / y dP(y | d,u) dP(u | d, z)
=/E(Y | d,u) dP(u | d,z).
Therefore by Assumption 6 (completeness), we can equate the objects within the integrals. O

A.4 Main result

Proof of Theorem 1 (placebo identification).

We proceed in steps.

1. First, note that

E{/hg(d—d*,w) dP(wlDzd,U)’Dzd'}zE{/ho(d—d*,w) dP(w|U)‘D=d’}
=E:/h0(d—d*,w) dP(wlDzd’,U)‘Dzd’}
= / ho(d —d*,w) dP(w | D = d’),

where the first and second line follow from Lemma 1b (W 1L D | U) and the last line uses the law

of iterated expectations.

2. Also recall from the proof of Lemma 2 (limit) we showed that,

Lm[E{Y | D =d" +€,U}] —lim[E{Y | D = d* —€,U}]

€l0 €l

= 11%[E{A(D,na) | D=d"+e}t —E{A(D,ng) | D =d" —€}]
€
xE{Y(1,D,U,ny) =Y (0,D,U,ny) | D =d*,U}.

The limits on the right hand side exist due to Assumption 1 (RDD). Therefore the limits on the

left hand side also exist.

3. Therefore, we can write the numerator of the expression from Lemma 2 (limit) as,

E{limE{Y |D=d"+¢6,U} —limE{Y | D =d" —€,U} ‘ D = d*}
€l0 €l0

= E{li{g/ hi(e,w) dP(w | D =d* +€,U) ‘ D= d*} _E{li%/ h_(-e,w) dP(w | D =d" - €,U) ' D= d*}

€ €

= h?olE{/ hi(e,w) dP(w | D =d* +¢€,U) ‘ D = d*} —liﬁ)lE{/ h_(—e,w) dP(w | D =d" —€,U) ' D = d*}
€ €

= lim/ hi(e,w) dP(w | D =d*) - lim/ h_(-€,w) dP(w | D =d")
€l0 €l0

where the first equality follows from Assumption 5 (confounding bridge), the second equality uses

the dominated convergence theorem and the boundedness of Assumption 5 (confounding bridge),
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and the last equality follows from step 1.

4. Finally, we argue that the overall expression is unique. To begin, note that E{Y | d, U} is unique.
Furthermore, in the proof of Lemma 4 (factuals II), we showed that E{Y | d,U} = fho(d -
d*,w) dP(w | d,U) almost surely by appealing to Assumption 6, so the latter integral is unique.

B Relaxing Assumption 2b

Assumption 2b implies the necessary condition Z 1L ny,n4,nw|D, U.

In this appendix, we show that this necessary condition, together with an additional continuity
condition, lead to the same main result. Intuitively, we trade off an assumption on placebo exogeneity
for an assumption on placebo continuity, i.e. independence for functional form.

Our goal is to define an alternative set of assumptions under which the conclusion of Theorem 1
continues to hold, replacing Assumption 2b with weaker conditions. We summarize the invariances of
the full structural system in the next section. A graphical summary of the causal structure is provided

in Figure 4.

Figure 4: Additional continuity DAG

B.1 Extension

Assumption B.1 (Placebo variables). Assume there exists some € > 0 such that for all d € D(€) and
for all z € Z(e),

a (Causal consistency): if A=a, D =d, andZ =z thenY =Y (a,d,z,U,ny), and W = W(a,d,z,U, 1)
almost surely. If D =d and Z = 7 then A = A(d, z,U,na) almost surely.

b (Placebo selection on unobservables): Z 1L 1y, nq,nw | U, D.
¢ (Overlap): if f(u) >0 then f(a,d,z | u) >0, where we assume the densities exist.

d (Ezclusion): Y(a,d,z,U,ny) = Y(a,d,U,ny), W(a,d,z,U,ny) = W(U,ny,), and A(d,z,U,n,) =
A(d,ng) almost surely.

Assumptions B.la,c,d are the same as those in Assumption 2. However, Assumption B.lc is weaker
than Assumption 2c by weak union. This relaxation makes placebo selection on observables a condition

that is exclusively about the placebo treatment.
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Lemma B.1 (Necessary independences). Assumption 2 implies that for all d € D(e) and z € Z(e€),
aY WL Z|D,U
bW1WZ|D,U
Additionally under Assumption 3b it follows that,
cALU|D
Lemma B.1b is weaker than Lemma 1b by weak union. The rest of the lemma remains the same.

Assumption B.2 (Confounding bridge continuity). Assume that the mapping d — E{h,(d —d*,W) | D =d,U = u}
is continuous for all d € D, (€) and all u. Similarly, assume that d — B{h_(d —d*,W) | D =d,U = u} is

continuous for all d € D_(€) and all u.

This additional continuity condition generalizes the standard RDD continuity condition (Assump-
tion 4). In particular, it replaces the potential outcome function with the confounding bridge function.

Intuitively, if confounding is continuous, then we can allow more complex forms of it.

Theorem B.1 (Placebo identification). Suppose Assumptions 1, 3, 4, 5, B.1, and B.2 hold. Then

B limeloch,(e, w) dP(w | D = d*) — limelofh_(—e, w) dP(w | D = d*)
B lime o[E{A | D =d*+€} —E{A | D =d* — €}]

70

If in addition Assumption 6 holds then the integrals of hg in the numerator are identified. Therefore g
is identified.

In sharp design, under Assumptions 1, 4, 5, B.1, and B.2, then this simplifies to:
T0 = lim/ hi(e,w) dP(w | D =d*) — lim/ h_(—e,w) dP(w | D =d")
€l0 €l0

Theorem B.1 recovers our main identification result (Theorem 1) under an alternative set of assump-

tions, as desired.

B.2 Proof of extension

Proof of Lemma B.1. Compared to the proof of Lemma 1, the only difference is in the second claim
(Wi Z | D,U). We have that,

PiW=w|D=d,Z=z,U} =P{WU,n,)=w|D=d,Z=2z2U}
=P{W(U»77w) =w | D’U}>

where the first line follows from Assumption B.1d (exclusion) and the second line follows from Assump-

tion B.1b (placebo selection on unobservables). m]

Lemma B.2 (Towards factuals). Lemma 1 implies for all d € D(e) and all z € Z(€),

P(y|d,z) = / P(y|d,u) dP(u | d,z)

P(w|d,z)= / P(w | d,u) dP(u | d,z).
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Proof. The argument is identical to Lemma A.1, excluding the final step. O

Proof of Theorem B.1. Notice that Lemma 2 remains unchanged under the conditions of this appendix,
since it only appeals to Lemma 1lc, which remains unchanged. Therefore, we proceed in steps similar to

the proof of Theorem 1.

1. From the proof of Lemma 2 (limit) we showed that,

hﬁ)l[E{Y |D=d" +¢€U}] - liﬁ)l[E{Y | D=d"-¢€U}]
= Ii%[E{A(D,nu) | D=d" +e} —E{A(D,n,) | D =d* — €}]
xE{Y(1,D,U,ny) -Y(0,D,U,ny) | D =d*,U}.

The limits on the right hand side exist due to Assumption 1 (RDD). Therefore the limits on the

left hand side also exist.

2. Define h_(0,w) = lim¢ o h_(e,w) for all w, where the existence of the limit follows from Assump-

tion B.2. Then, we can write the numerator of the expression from Lemma 2 (limit) as,
E{limE{Y |D=d" +e U} —limE{Y | D =d* —€,U} ‘ D= d*}
€l0 €l0
= E{liﬁ)l/ hi(e,w) dP(w | D =d* +¢€,U) ‘ D= d*} —E{li%/ h_(—e,w) dP(w | D =d" —¢,U) ‘ D= d*}
€ €
=E{/ he(0,w) dP(w | D = d", U) ' D= d*} —E{/ h_(0,w) dP(w | D = d", U) ‘ D= d*}
= / he(0,w) dP(w | D =d*) — / h_(0,w) dP(w | D = d")

where the first equality follows from Assumption 5 (confounding bridge), the second equality uses

Assumption B.2, and the third uses the law of iterated expectations.

3. Finally, we argue that the overall expression is unique. To begin, note that E{Y | d, U} is unique.
Furthermore, in the proof of Lemma 4 (factuals II), we showed that E{Y |d,U} = fho(d -
d*,w) dP(w | d,U) almost surely by appealing to Assumption 6, so the latter integral is unique.

C Relaxing Assumption 3

Assumption 3 holds trivially in the sharp design. In the fuzzy design, however, it imposes a nontrivial
restriction on the treatment assignment mechanism.

In this appendix, we show that Assumption 3 can be relaxed in the fuzzy design if treatment effects
are homogeneous. Intuitively, we trade off a restriction on the treatment mechanism for an assumption
on the outcome model, i.e. independence for functional form.

Our goal is to define an alternative set of assumptions under which the conclusion of Lemma 2
continues to hold, replacing Assumption 3 with weaker conditions. We summarize the invariances of the
full structural system in the next section. A graphical summary of the causal structure is provided in

Figure 5.
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Figure 5: Homogeneous effect DAG

C.1 Extension

Assumption C.1 (RDD). Assume that the following limits exist and are unequal.
m[E{A | D=d"—¢€,U}], lm[E{A|D=d"+¢ U}]
€l0 €l0
This condition modifies the standard RDD treatment assignment assumption (Assumption 1). It

requires that a discontinuity in expected treatment probability at the cutoff after conditioning on U.

Assumption C.2 (Placebo variables). Assume there exists some € > 0 such that for all d € D(e) and

for all z € Z(e),

a (Causal consistency): if A=a, D =d, and Z = z then Y =Y(a,d, z,U, ny), W=W(a,d,z,U,ny).
If D=d and Z = z then A = A(d, z,U,na) almost surely.

b (Selection on unobservables): Z 1 1ny,n, | U and ny, AL Z,D | U.
¢ (Overlap): if f(u) >0 then f(a,d,z | u) >0, where we assume the densities exist.

d (EICIUSZOTL) Y(a,d7Z’UJ7y) = Y(a’d’ U,T]y); W(aadaza U,Uw) = W(U’UW)7 and A(d,Z, U,Ua) =
A(d,U,n,) almost surely.

Assumptions C.2a—c are equivalent to those in Assumption 2. However, Assumption C.2d relaxes As-
sumption 2d, allowing for unobserved confounding in the treatment mechanism. Under Assumption C.2,

locally, our notation simplifies to
Y:Y(A’ D’ U?U}’)? W: W(U’UW)’ A :A(D’ Ua’]a),

and can be summarized by the result below.

Lemma C.1 (Necessary independences). Assumption C.2 implies that for all d € D(€) and z € Z(e),
a ALY LZ|D,U
bWUDZ|U

Assumption C.3 (Homogeneity). Under homogenous treatment effects, we assume that for d € D(e)

the treatment effect is constant, i.e.
10 =Y(1,d,U,ny)-Y(0,d,U,ny)
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almost surely.

We use Assumption C.3 in place of Assumption 3 in Section 3.We impose that treatment effects
are homogeneous across individuals near the cutoff, while allowing treatment assignment to depend on
unobserved confounders that affect the potential outcomes.

Together with Assumptions C.1, C.2, and 4, this yields the following identification result:

Lemma C.2 (Limit). Under Assumptions C.1, C.2, C.3, and 4,

E{lime|o[E{Y | D =d* +€, U} -E{Y | D=d* - €,U}] | D=d"}
Tn =
T E{lime o[E{A | D =d"+e. U} —~E{A | D=d" —€,U}] | D =d*}

Lemma C.2 expresses the treatment effect 79 as the ratio of two discontinuities, each computed after
conditioning on U and then averaging over U. This formulation permits identification even when the
treatment (A) is confounded by unobservables.

For estimation, we can apply the same confounding bridge approach from Section 4 to recover the
counterfactual term E{limglo [E{A | D=d*—-€ U} | D= d*} by using the observed proxies for U. The
final estimator will look like a ratio of estimators in Section 4, using Y in the numerator and A in the

denominator.

C.2 Proof of extension

Proof of Lemma C.1.
To show that A 1L Z | D, U, we write

P{A:a|D=d,Z:Z,U}:P{A(d,U,7]a)=Cl|D=d,Z:Z,U}
=P{A(d,n,) =a | D =d,U},

where the first line follows from Assumption C.2d (exclusion) and the second line follows from Assump-

tion C.2b (placebo selection on unobservables). Otherwise, the result is the same as Lemma 1. O

Proof of Lemma C.2.

Assume a fuzzy design. We proceed in steps.

1. Notice that under Assumption C.2 (proxy controls), we are able to write,

Y =Y(0,D,U,ny) + A(D,U,n,)(Y(1,D,U,ny) —=Y(0,D,U,ny)).

2. Using the decomposition above, we can write

E{Y |D=d"+e,U} —E{Y | D=d"—¢€,U}

=E{Y(0,d"+€,U,ny) | D=d"+€e U} -E{Y(0,d* —€,U,ny) | D =d* - €,U}
+EB{A(d" +€,U,n,)(Y(1,D,U,ny) —Y(0,D,U,ny)) | D=d"+€,U}
-EB{A(d" +€,U,n,)(Y(1,D,U,ny) —=Y(0,D,U,ny)) | D=d" - €,U}

=E{Y(0,d"+€,U,ny) | D=d"+€e U} -E{Y(0,d" —€,U,ny) | D =d" - €,U}
+1E{A(d" +€,U,n,) | D =d" +€,U} —10B{A(d" +€,U,n,) | D =d* — €, U},

where we use Assumption C.3 to derive the second equality.
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3. By Assumptions C.1 (RDD) and 4 (continuity), we can take the limit of the equality above to

show,
E%[E{Y |D=d*"+€e,Ut-E{Y | D=d"-¢€U}]
= E%[E{y(o, d*+e,Umny) | D=d"+€eU} -E{Y(0,d" - €,U,ny) | D=d* - €U}|
+ 70 leifg[E{A(D, Ung) |D=d"+e, U} —E{A(D,U,n,) | D=d" —€,U}]
=19 E%[E{A(D’ Umny) | D=d +¢,U} —E{A(D,U,n,) | D=d" —€,U}].
Specifically, to go from the second line to the third line, the initial terms cancel, and the later
terms factorize.

4. Taking conditional expectations of both sides, we have that
E{li]lrr&[E{Y |D=d"+¢e,U}-E{Y | D=d"-¢U} | D =d*}
€
= TOE{lifr&[]E{A(D, U,ng) | D=d" +e,U} —E{A(D,U,n,) | D=d"-¢€,U}] | D= d*}.
€

Rearranging and gives

E{lime|o[E{Y | D =d* +€e,U} -E{Y | D=d* - €,U}] | D =d"}
T0 = :
T E{limco[E{A | D =d*+e. U} —B{A | D=d" —€,U}] | D = d*}

D Equivalence proof

D.1 Notation

Let g = (1,0)T and e; = (0,1)T. Furthermore, let g = dim(w) and define

Wi+ = hi]l(Xi > x*)K( |Dih— d |) cR K, = Diag(w1 4»...,Wn4) € RIXN
D; -d* D —d*\P\" ) R, = (Rl,p,-n,Rn,p)T e RMX(P+1)
- i i ot
Rl,P_(l’( hn )’-.,’( l’ln ) ) eR ZZ(Zl"-~,Zn)T€Ran
Hp = Diag(1,..., hj}) € RIPHDX(2+D W= (Wi,... . W,)T e R™,

D.2 Estimator recap

We estimate v] = (@40, @+.1,7y, ) by solving a local linear IV objective function with first order conditions,

1< Rip . .
- ; we| (¥ - RT, Hrde - W] 7.) =0,

Then we have that,

-1
RTK.R; RJK,W

Z'K,R; Z'K,W

RTK.Y
VAN

K+Y) =

27




We estimate B, using the local linear estimator of Hahn et al. (2001),

o 1 < 2 _
HI,B_,.j = arg min ; Z a)i,+(Wi,j - RleB) = (R—HK“‘Rl) 1R—1I—K+W,j.
B i=1

-
Then, we let B = (Bffb, .. ,ﬁf‘é) €R? and BY = ( T f") e R?%4,

D.3 Main result

Proof of Proposition 1 (estimator decomposition,).

We proceed in steps, using regression algebra.

1. Using the formula for the inverse of a block matrix,

-1

~ [RTK.R, RIK,W| [RTK.Y
V. =
"TlZK,R, ZTTK,W| |ZTK,Y
_|®RIK.R) T+ (RTK.R)'RTK,WQ; ' Z'K,R, (RJK.R)) ™! —(RJK.R))'RTK,WQ;'|[RTK,Y
-Q;'Z"K.Ri(R]K.Ry)™! Q;! 7K. Y

where Q. = ZTK+{I - Rl(RIK+R1)_1RIK+}W is the Schur complement. Then, it follows that for

Hiay = (@40, hnay,1)", we have that,
Hia, = (RTK,R))T'RTK,Y
+ (RTK,R))'RTK,WQ;' ZTK,R; (R]K,R)) 'RTK,Y
- (R/K:R))'RIK,WQ;'Z'K,Y
= Hif) + HifY{Q; ' 27K, Ry (RTK,R;) 'RTK.Y - Q;'Z"K.Y}
= H1f} - H1fY [Q;' 27K, {I - Ri(RTK,R;) 'R]K,}Y]
= Hlﬁi - HLBA:H’%
where BZ and ,@f’ solve the local linear objective functions,
. n 2 R n 2
H, 3] = arg min Z a),v,+(Y,~ - RZlﬁ) , H B = arg minz a)l-,+(W,-,j - Rzlﬁ) .
B i3 B3

2. We can go through the same steps to show that Hya¢_ = H1 8> — H1 8" y_.
3. Plugging these expressions into our estimator for 7pq4, we find that,
A A~ A T A ~ A T A
Todd = @40 + (ﬁf’o) Vi — {a'_,o + (BV_V’O) y_}
Ry aw o aw \ o 224 aw )T aw \ T
= ,8+,0 - (ﬁ+,0) Y+t (ﬂ+,0) Y+~ (ﬂ_’o - (ﬁ_,o) Y-+ (ﬁ+,0) 7—)
Ry Ry W AW T
= IB+,0 _ﬁ—,o + (ﬁ+,0 _ﬁ—,o) V-
T A~

=Tt (Bha) 7--

4. Finally, we show the claim that y_ = [ ¥, wi,_{Zi(WiL)T}]_l{% > wi-(Z;Y*)}. Expanding
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out our expression for y_, we have that,

7. =Q'Z"K_{I-R;(R]K_R))'RJK_}Y
= [Z"K_{I-R;(R{K_R;) 'R]K_}W]| ! [ZTK_{I-Ri(R]K_Ry) 'RTK_}Y]

n -lr g
[Z wi-Z{W] - R} (RTK_R1) 'R]K_W} lz wi-Zi{Yi - R} (RTK_Ry) 'RTK_Y}
i=1 i=1

-1
n

1 n
T T T
—Zwi,—zi Wi =Ry —Zwi.—Ri,lRu
= \niE ’

—

_11 n
- wi _Ri W'
n i,— 1 Wy
i=1

n -1

1< 1
X ;Zwi,—zi Yi—RiT,l(;Zwi,—Ri,lRiT,l) ;Zwi,—Ri,lyz‘
i=1 i=1 i=1

-1 n
|:l Zw"{Z’(W‘l)T}l {l (l)i,(ZiY[J_)}.
n i=1 n

i=1

N

—_

S

E Consistency proof

E.1 Main result

Proof of Proposition 2 (estimand).

We proceed in steps.

1. By Proposition 1,
N N N N T
‘fpdd = ﬁi’o - :8}_)’0 + (:82),0 - Bv_v’o) Y-

Standard results from e.g. Hahn et al. (2001, Section 4.1) show that under our conditions,
A A P .. % *
i,o_ﬁ{,o —>1€1ﬁ)1{E{Y |D=d" +e}—B{Y | D=d"—¢€}}

Blo= Bl D Im{EW | D=d'+ e} ~E(W | D=d" - &}).

Therefore, appealing to the continuous mapping theorem, it suffices to show that y_ 4 v_.

2. Within the proof of Proposition 1, we have shown that for Q- = ZTK_{I - Ry (R]K_R;) 'R]K_}W,

y-=Q'Z"K_{I-R;(R{K_R;)"'R/K_}Y.

Using Lemma E.1 (Q_-limit) and the continuous mapping theorem, we can write that,

nQ-t Bt 1%1 Cov(Z, W] | D=d"—€) ", K= fd(d*)/ K(u) du.
€ 0

By Lemma E.1 (Q--limit), replacing W with Y, we can analogously show that,

1
“Z'K {I-R, (RTK_Ry)'RJK_}Y 5 Klim Cov(Z,Y; | Di = d*—e).
€
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Therefore, applying the continuous mapping and dominated convergence theorems, it follows that,

.5 lim Cov (2, W] | D =d" - €)"'Cov(Z, Y | D; =d* —e).
€

3. We verify the claim that y_ is the best linear predictor for
Y=c+Wy_+n, LimE{nZ; | D; =d* - €} =0, LmE{n|D;=d" —€}=0.
€l0 €l0
Substituting for ¥ in the probability limit gives
lizn Cov(Z, W | Di =d* —€) ' Cov(Z,Y; | D; =d* — €)
= 161%1 Cov(Z;, W | D;=d" - e)_l{Cov(Z,-, c+Wly_+n|D;i=d" - e)}
= 151?01 Cov(Z;,W;" | D; =d* - E)_l{COV(Z,', W' |D;i=d" —¢€)y-+Cov(Zi,n|D;=d* - e)}

="y7'

Proof of Corollary 1 (consistency).

We proceed in steps. By symmetry, we focus only on showing convergence above the cutoff.? We

want to show that,
5 aw NTo P .
@0+ (BYo) 7+ = imE{h.(e W) | D =d").
€

1. We express the limit as a sum.
Substituting in h.(d — d*,w) from Equation (1),
liﬁ)lE{th(e, W) |D=d}=g.(0)+E{W" | D=d"}y,
€
.
=a4,0+ (ﬁfo) Y+

2. It is helpful to characterize a partially linear representation for Y.

By Lemma 3 (factuals) and Equation (1), for all d € D, (€) recall that we can write,
B{Y-h.(D-d"\W)|D=d,Z=2}=EB{Y -g.(D; —d*)-W'y, | D=d,Z=z2} =0.

Using this moment condition, it follows that for some § € [0, D —d*] we can use a Taylor expansion

to represent,
Y=g.(D-d)+ W'y, +7

* ~ 1 *
=g (0 +8 ) D -d) + Wy, +7+ 5gP)((S)(D — d")?
* ~ 1 *
=g+ a1 (D=d)+ Wy +ii+ 582 (6)(D - d)?,
where BE{fj | D =d,Z =z} =0 for all d € D, (€) and z € Z,(€).

3. Using the representation in step 2, we now show that a, o = ,8{ 0o~ BY) Vs

3We will not use cancellation, so that the same argument gives convergence below the cutoff.
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Applying the conditional expectation E{- | Z, D = d* + €} on both sides,
el T _ 1 @ 5.2
E{Y|Z,D=d" +e}=aro+a,1e+B{W" | Z,D=d" +e}y, + 58 (6)€.

Further taking the conditional expectation E{- | D = d* + €} on both sides and appealing to the law

of iterated expectations,
E{Y | D=d"+€}=a,0+a;1€ +E{WT | D=d"+ e}y+ + %gf)(é)ez.
Finally, taking the limit on both sides,
leiFOlE{Y |Di=d"+€e}=a,0+ lel?OlE{WlT | D; =d* + e}y+.

Rearranging gives @, o = ﬁi,o - (BKO)T%.
. Next, we show that v, KN Vi

As argued in the proof of Proposition 2 (estimand) we have that,
7e D lisn Cov(Z, W | D =d* +¢€) ' Cov(Z,Y: | D; = d* +€)
= lim Cov(Zi, W] | D =d* +¢€) "Cov|Zi,aro+ar1(D; —d*) + Wy, +77 + %g9>(5)(0i —d)? | Di=d" +e
= 1(1?01 Cov(Z;,W;' | D =d"+ 6)_1COV(Z,', W' D =d" +¢€)y.:
+ lellrg Cov(Z;, W] | D=d*+ E)_ICOV(Zi,ﬁ | D; =d" +¢€)
= Vs

where the first equality uses step 2 and the third equality uses that

COV(Zi,ﬁ | D; =d*+6) ZE{Ziﬁ | D; =d*+6}—E{Z,' |Di =d*+6}E{ﬁ|Di =d*+6}
=B{ZE{7 | Zi,Di =d" +€}} —B{Z; | D; =d" + }E{E{7] | Z;, D; = d" + €}}
=0.

. P
. We also show that @, 0 — @40.

In the proof of Proposition 1 (estimator decomposition), we showed that @, ¢ = ,éi 0~ (ﬁfo)T?+.

In step 3, we showed that a4 o = ,Bi 0= BY)Tvs

Recall that ﬁAi 0 KA ,81 o and /3’:“0 L8 BY, by standard arguments (Hahn et al., 2001, Section 4.1).
Using that . KN v+ from step 4, the continuous mapping theorem implies that ,BAf 0= (ﬁfo)qu KR

. D
ﬂi’o - (BKO)T%. Therefore, &, o — @..

. Collecting results and applying the continuous mapping theorem we have shown that,

~ A ~ P
;0 t+ (,Blv,o)—r7+ — 40t (,BXQ)T7+

= limE{h,(e, W) | D = d*}
€l0

where the convergence uses steps 4 and 5, and the equality uses step 1.
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E.2 Technical lemma

Lemma E.1 (Q_-limit). Let Assumptions 7a and 8 hold, and assume that h — 0 and nh — . Then,

1
~Q_ 5 klim Cov(Z, W] | D= d* - ),
n €l0

for k = fa(d*) [” K(u) du.
Proof of Lemma E.1.

We proceed in steps.

1. As shown in the proof of Proposition 1,
Q-=Z'K_{I-R;(R]K_R;))'R]K_}W.
Therefore, we have the decomposition

1 1 ¢
—Q-=- > wi Z{W] - RT,(RTK_Ry)'R]K_W}
i=1

1 n
=~ 3w Z(W] - ] (RTK_R1)'R]K_W)

1 D; - d*
-= wi,_zi{(‘h—)eI(RIK_Rl)1RIK_W}.
We analyze each term below.
2. Under Assumptions 7a and 8, results from Hahn et al. (2001, Section 4.1) imply that
el (RTK_R))'RIK. W5 (8% )7 = li%E{WiT | D; = d* - €}
’ €
1
el (RTK_R) "RIK-W 5 (82 ).
n
3. Consider the first term in the decomposition. We will show that
lzn:a» Z:(WT — el RTK_R1)"'RTK_W) 5 «lim C WWT | Dy =d" -
p i—Zi|W; J(RIK_R4 1K_ Kélg)l ov(Zi, W, | D; = €).
i=1

By step 2 and the weak law of large numbers,

1 ¢ _
. Z‘ wi Zi(W] - e] (RTK_R1) 'R]K_W)

1 n
= ; Z a)i’_Zi(Wi _ﬂv_‘)’o)T + 0]7(1)

i=1

1 n D _ d*
=|— Y 1(D; < d)K 1Di - d7] Zi(Wi =B )T | +0p(1)

nhn < hn ’

i=1
|D; —d*|

1
= —E{1(D; K
. {( L <d) ( -

)Z,-(W,- —,BW’O)T} +op(1).
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We use the law of iterated expectations and u-substitution with u = d;l—d* to express the former
term as
gl

& o
i [ @@ < ox (el zov - o

1 % Di -dr w \T
E {]l(Dl < d )K(lh—l)E{Zl(Wl _ﬁ_’o)

n

D:d} dd

1 0
— i [ ot wahkz{zov - g7

D=d+ uhn}hn du

0
- [ Fi(d" + uh,,)K(—u)E{Z(W )T

]

D=d* +uhn} du

= Kliil(} Cov(Z,WT | D =d" - €) +0p(1).
€

The last line uses the dominated convergence theorem and the boundedness of E{Zin.T | D; = }

and p_ ;(-) from Assumption 7, taking the limit as s, — 0. Specifically, we argue that

0
it L, Ja(d" + uhn)K (_“)E{Z(W —B )T

D=d* +uhn} du

0
-/ fd(d*)K(—u)leiﬁ)lE{Z(W—ﬂ’_”,o)T

Dzd*—e}du

0
D:d*—e}/ K(-u) du

=«limCov(Z,W" | D =d* —¢).
€l0

= fa(d") 161?01 E{Z(W -BY"

4. Consider the second term in the decomposition. We will show that

1 ¢ D; - d*
- Zw,,_z,-{(h—)eI(RIK_Rl)—lRIK_W} 5o.
i=1 n

By step 2 and the weak law of large numbers,

1 & D; —d*

= L ZA = T(RTK_R;)'RTK_W

n;w, l{( hn )el( ! 1) ! }
n

1
== Z Wi~ Zi(Di —=d")(BY )T +0,(1)
i3

;l zn: 1(D; < d*)K(M)Zi(Di —d)(BY )T +0,(1)

=1 hn

_ hiE{]l(Di < d*)K('Dih;‘*')zi(Di - d*)(ﬁ&lf} +o,(1).

n n

We use the law of iterated expectations and u-substitution with u = d;l—d* to express the former

n

33



term as ) D — gt
{10 < ark( P eiz 1 o, - a7
d—d'

h

I .

~ i [ <ok ez 0 = aya-ay daer
1 0

= / fa(d* +uh,)K(~u)E{Z | D = d" +uh,} uh, hy, du (" )"

0
= hn/ fa(d* +uh,)K(—u)B{Z | D =d" +uh,}u du (,BV_"’I)T

=o0p(1).

The last line uses the dominated convergence theorem and the boundedness of p_ () from As-

sumption 7, taking the limit as h,, — 0. Specifically, we argue that

0 0
hli% ‘/_oo fa(d* +uh,)K(—u)E{Z | D =d* +uh,}u du= [m Ja(dHK(—u) u- ;(0)u du

[0]
= fu(d")p--(0) / K(—u) u du

= kp—,z(0).
O
F Bias corrected inference proof
F.1 Notation
Let e = (0,0,1)T. Furthermore, define,
s=(1,y)T ®ep=(1,0,y-1,0,....,7-4,0)7 € R2*D S=(S1,...,5,)" e R+
§=(1,77) " ®ep = (10.9-1.0, ... - 4. 0)T € R2@*D) Py = ;l RTK,R, € R
nny
_ T g+1
Hs(0) = (p4,y(0), prawy (0), - s ey (0)) 7 € R £, =L RIK,R, € B9
Si= (Y, W)T e R T nby
~ 1 . B
D=(Dy,....D,) €R" Av= SRIK(D - d")h,” € RY.
For some vector v, we use the convention v2 = (V%, ...,v5)T to denote element-wise squaring. Here, ®

denotes the Kronecker product, and vec(-) to define the operator which stacks columns of a matrix from
left to right, i.e.,

ai
a as a1B asB R R . as
®B= R vec(al as am)=
as ay asB a4B
m

Additionally, let g5 = [BY, 8] € R2*W@+D) where g = [BY*, ..., 5, 9] € R?¥4. Finally, we let ,uizz (d) =
02 ’
mﬂhs(d)'
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F.2 Estimator recap

By Proposition 1, we can express our bias-uncorrected estimator in a convenient way for analysis:
todd = eg{Hlﬁi “H B+ (Hlﬁf - Hlﬁy)y_} - éTvec(Hlﬁi - Hl,éi), (4)

which multiplicatively separates the weights y_ from the familiar discontinuity estimators. The second

equality holds because

e (H1B) + HiBYy-) = el H1B) + e H1BY 7
=1 engﬁ’i +)A/_’1 . e-orHlﬁ:_vl + ... +’}A/_,q : e;)rHlﬁ:_Vq
= (L,0)TH1B) + (7-1, ) TH1 B + ..+ (7-.4, 0) TH B

= éTvec(Hlﬁi).

In line with Calonico et al. (2014), we choose to study the asymptotic normality of 85 — 55. From
the proof Proposition 2 (estimand), § s, Slutsky’s theorem then gives asymptotic normality for 7,qq.
The vectorization stacks several local linear regressions. For example, a component regression is

I iRK.Y.

5 1
Hlﬁi = (RIK+R1)_1RIK+Y = W
n

Therefore, we can express the vectorization as the expanded regression

vec(H185) = (Iq+1 ® f;llRIK+)VeC(S). (5)

nh,

F.3 Conditional bias
Under Assumptions 7 (regularity conditions) and 8 (kernel), Lemma SA-8 of Calonico et al. (2019)

implies that, when nh — co and h — 0, we have

E{vec(Hl,é’i) | D} = vec(H) 82 + %hﬁ (1 ® f;}l&)yfg(()) + op(hf;)

= vec(H18) + h2B + O, (hi),

where we define B = %(Iq+1 ® A;’11/A\+) pfrzs) (0). Therefore, the conditional bias of Vec(Hlﬁi) is given by
hZB + 0, (h3).
We apply the I-dimensional bias correction for B and 8}, from Calonico et al. (2014). We estimate

the ,LL(_QS) (0) using a local quadratic regression with bandwidth b,,, giving,
B=B,-B_
S| P
By =3 (Iq+1 ® F+,11A+),Ufs) (0)
. 2 .
f$2(0) = @(Itﬁl ® egr+’12RgK+)vec(S),
n

with analogous objects below the cutoff.

In particular, using the mixed-product property of the Kronecker product, i.e. that (A® B)(C® D) =

35



(AC) ® (BD), we write the leading conditional bias term as

I . R
h2B, = #(Iq+1 ® F;11A+)(Iq+1 ® ] [T 5RIK. |vec(S)
nby ’ ’
" ©)
_ ﬁ(lqﬂ ® F;,11A+e;F;’12RgK+)vec(S).
The bias-corrected local instrumental variable estimator is then given by,
N ~y.b N N
T;)cfd = Tyddc —( rvgldbc)T -
= §T{vec(H\ B} — H1B%) — hiB}
= 7 {veo(H B) — h2B,)
— 8" {vec(H18°) — h®B_}

1 . h2

AP (7)
=37 [Iq+1 ® {—r;}lRIIg - = ;,11A+e;F;’12R;K+Hvec(S)
nhy, nb;,

1. B2 |+ 1w
-8" [Iq+1 ® {Tr:}lRIK_ -—= j}lA_e;F:’gRgK_}]vec(S)
nny, 0
1
= e §T (41 ® Ppc)vec(S).

The first equality is how we define the estimator, the second equality uses equation (4), the third equality

is how we define the bias correction, and the fourth equality uses equations (5) and (6). In the last line

we define the empirical matrix

Pbc = P+,bc - P—,bc

. B\’ ot st
P+,bc = +,11R-1|—K+ - (b_) F+’11A+e—2rl—‘+’12R—2rK+
n

- B> ol o o
P—,bc = F:,llRIK— - (—) F:}lA_e;F:,l2R-2rK_
n

F.4 Conditional variance

We define the following diagonal matrices in R™(@*+1)xn(g+1).

%, = Diag(02, (D1 = )., 02, (Dy = d); 02, (D1 = &), 02, (Dy =) 302, (Dy=d'), o 02y, (Dy = d)

s, = Diag(é’f,y(Dl ) TR (D= d7); 67 (D1 = ), 52 (Do = d)i 62, (D1 —d"),o o 62, (D= ))

where o2 (D; —d*) = Var(Y | D = D;) and 62 ,(D; - d*) = (¥; - B0

In this notation, we write the conditional variance as

Var( nhyt> dd | D) =nh Var( 1l D)

1 . «

= §T (I 41 ® Ppe) Var(vec(S) | D) (Iy41 ® Phe) '8

1. R

=— §7{Ig11 ® (P — P_ o) }Var(vec(S) | D){Ig1 ® (Pape —P_po)} '8
n

1 . R
wh s (Iq+1 ® P+,bc)2+(1q+1 ® P+,bc)TS

1. .
+—8 (L1 ® P )= (41 ® P ie) 5.
nh,
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The first equality uses the laws of variance, the second equality uses equation (7), the third equality
uses a definition, and the fourth equality recognizes that cross terms in the quadratic form are zero by
definition of the kernel weights above and below the threshold.

We estimate the variance using the empirical analogue, i.e.

T

8T (Igs1 ® Pyne) 2y (Igs1 ® Pope) '8

N 1
V =
bc nh

n

1. o .
+ —35" (Iq+1 ® P,,bC)Z, (Iq+1 ® Pf’bC)TS.
nh,

F.5 Main result

Proof of Theorem 2 (limit distribution).
Recall that we showed in the proof of Proposition 2 that y_ LA y_, so therefore § L.

Moreover, in this appendix we have provided new characterizations of the conditional bias and vari-
ance for the local instrumental variable regression estimator proposed in this work.

Apart from these differences, f;’g 4 has the same overall form as the covariate-adjusted sharp RD
estimator from Calonico et al. (2019). Therefore, the inference result follows by combining our charac-

terizations together with Lemma SA-11 of Calonico et al. (2019). ]
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